Int. J. Multiphase Flow, Vol. 2, pp. 365-377. Pergamon/Elsevier, 1976. Printed in Great Britain,
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Abstract—A heat transfer problem is solved, first for an infinitely long heated cylinder and then for a small
heated sphere, each freely suspended in a general linear flow at Reynolds numbers Re <1. Asymptotic
solutions to the convection problem are developed for very large vatues of the Péclet number Pe, and
expressions are obtained for the asymptotic Nusselt number for two-dimensional flows rqnging from §olid
body rotation to hyperbolic flow. Since the objects in these cases are surrounded by a region of effectively
isothermal closed streamlines, the asymptotic Nusselt number becomes independent of the Péclet number in
the limit Pe - c.

1. INTRODUCTION

Many empirical models have appeared in the literature, which relate the Nusselt number Nu to
the Péclet number Pe and Reynolds number Re for a variety of flows, and which can be used to
predict heat and mass transfer rates from spheres and cylinders suspended in low Reynolds
number velocity fields. The theoretical effort has been directed to the cases of uniform flow and
simple shear flow at infinity, and has led to the development of asymptotic expressions valid as
Pe—0 and as Pe - . For low values of Pe, the asymptotic Nusselt number for the case of
uniform flow is O[(In Pe)™'] for small cylinders and is equal to 2+ O(Pe) for small spheres.
Similarly, for the case of a small particle freely rotating in a simple shear, the asymptotic Nusselt
number for Pe -0 is still O[(In Pe)™")] for small cylinders but becomes 2 + O(Pe'”) for small
spheres. Thus, the main features of heat and mass transfer in low Reynolds number flow regimes
can be inferred from these asymptotic expressions as Pe -0,

On the other hand, for asymptotically large Péclet numbers, Frankel & Acrivos (1968) showed
that the Nusselt number for heat transfer from an isothermal cylinder freely rotating in a low
Reynolds number simple shear becomes independent of the magnitude of the shear and
approaches a constant value of 5.73. This result was then confirmed experimentally by Robertson
& Acrivos (1970). Also, Acrivos (1971) solved the corresponding sphere problem using an
approximate method and found that the asymptotic Nusselt number for Pe =« is 9. This is in
contrast to the case of low Reynolds number uniform flow past a stationary particle where it is
well-known that Nu becomes O(Pe'?) for asymptotically large Péclet numbers (cf. Acrivos &
Taylor 1962). The distinguishing factor between these two cases is that for a simple shear, a freely
rotating particle is completely surrounded by a region of isothermal closed streamlines, across
which heat is transferred to the main stream by conduction alone, thereby insuring that the
asymptotic Nusselt number is independent of Pe, as Pe —«. But, in the case of uniform flow,
where. the streamlines emanate from upstream infinity, the transport of heat takes place, both by
conduction and convection, across a thermal boundary layer of thickness O(Pe™"") adjacent to
the particle surface. Thus, at high Péclet numbers, heat transfer rates from a particle to a
surrounding fluid depend primarily on the structure of the flow near the heated particle, i.e. they
depend on whether the streamlines near the particle are open or closed.

So far, in the case of shear filows, attention has been directed to particles rotating in a simple
shear. Clearly though, the corresponding heat transfer problem for a cylinder and a sphere freely
rotating in any general linear flow would be worth investigating. This will be the aim of the
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present analysis which will be restricted to values of Re <1 and will focus on the development of
asymptotic solutions to the convection problem for Pe — .

It would be expected, of course, that the results to be presently derived would be similar to
those found in the case of a simple shear, the difference being, though, that the Nusselt number
should now depend directly on the parameters of the flow field. Specifically, denoting the
freestream rate of strain tensor by e}; and the freestream vorticity vector by w', we would expect
that, for the case of low Reynolds number flows, Nu = f(e;, w}) as Pe - =, where Nu, being a
scalar quantity, must be a function of the five scalar invariants of e’; and w':

I, = (e'iie/ij)”2~ L= 1det e,u"”}, I.= (é"ike}kw’iw’j)ms (1.1]
L =lelwiol]”, I=(0lw)".

Note that absolute values are used for I, and I, since the Nusselt number is invariant to flow

reversal, and that each I, has the same dimensions (units of reciprocal time). Moreover, since at

low Reynolds numbers both the flow pattern and the asymptotic Nusselt number are not affected

by multiplying the flow velocities (and hence, ¢’; and ©*) by a constant, Nu must be a function of

the ratios of the invariants to, say Is; or

Nu :f(Jl,JZ’-I}7J4)’ “2]

where J; = I,/ L. As stated previously, at low Reynolds numbers, Nu is independent of the Péciet
number only for those linear flows which produce a region of closed streamlines surrounding the
particle, a condition that is satisfied if Is # 0.

2. STATEMENT OF THE PROBLEM
The dimensionless energy equation in Cartesian coordinates is

oT 1 o°T

e ——— 2
Yok T Pe axox, (211
where u; is the velocity vector divided by 2Qa, a is the radius of the cylinder or sphere in terms
of which all lengths are rendered dimensionless, 2() is a characteristic freestream vorticity to be
defined below, T is the dimensionless temperature and Pe is the Péclet number Reo, with Re
being the Reynolds number 2Qa’/v and o the Prandtl number. The boundary conditions are

T=1 at r=1
abr== 2.2]

T->0 at r—owx,

where r = (x;x;)""2. It can be seen from [2.1] that, as Pe -, the streamlines become isothermal,
but since conduction is the primary mode of heat transport when the streamlines are closed and
isothermal, it is necessary to take the conduction terms into account in solving [2.1] as Pe -0, As
shown by Acrivos (1971), this is accomplished by multiplying both sides of [2.1] by dt, ¢ denoting
time, and integrating along a closed streamline. Thus,

62’1 a7 d1
= o = —_ = 23
fajajdt Peéu.aidt Pe hdt 0, [ }

for all closed streamlines and for all Pe. Equation [2.3] will be used extensively in solving for the
temperature distributions near the particle surface. However, the quantity of most interest here is
the Nusselt number Nz which, based on the particle diameter 2a, takes the forms
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27
Nu=1 —(3—T) do, [2.4]
r=1

™ Jo ar

for the cylinder, where cylindrical coordinates (7, ¢) are used, and

_ L [T (oT .
Nu == L J; (ar)r=ls1n6d0dgo, [2.5]

for the sphere in terms of the spherical coordinates (7, 6, ¢).
In a linear flow field, if the Reynolds number is sufficiently small to allow inertia effects to be
neglected, the complete fluid velocity u; must satisfy

a*u; _ Q
ax;0x;  ox:’ [2.6a]
i _
Fra 0, [2.6b]

with boundary conditions
w=eyldx at r=1,

1
U; = e;x; +§ €W Xx A4S r—>,,

where p is the pressure divided by 2Qu, ¢; the freestream rate of strain tensor divided by 240, w;
the freestream vorticity vector divided by 24, ); the angular velocity of the particle divided by
2Q and r = (xx:)". Also, for a freely rotating cylinder or sphere, Q; =w;. Thus, the boundary
conditions become

U = Eiijij at r= 1, [2.73]

Ui = €;X; + € Q,-xk as r—>«, [27b]

The scalar quantity (1 is defined as Q = (Q})"* = {w’0?)"”, where (1} and o' are, respectively,
the dimensional angular velocity of the particle and the dimensional freestream vorticity vector.
The quantity 2Q) can be thought of as a root square average vorticity. It is the quantity 2Qa by
which all velocities have been rendered dimensionless. (The case Q =0 is discussed later.) Note
that I = 2().

The present analysis will be restricted to free stream velocities which are two-dimensional, in
which case J,, J; and J, become zero (see [1.1-2]). Thus, the complete velocity distributions for
both the cylinder and the sphere will contain only one flow parameter, namely J, = I,/Is. The
functional dependence of the Nusselt number on this one flow parameter J, will now be obtained,
first for an infinitely long cylinder and then for a sphere, both freely rotating in a two-dimensional
linear flow field. Although still rather specialized, it is felt that the solution to these
two-dimensional flow problems will be of some interest in that it will give further insight into the
more complicated case of three-dimensional linear flows.

3. THE CYLINDER

In terms of the cylindrical coordinates (r, ¢) and the two-dimensional streamfunction ¥,
defined by

and u, = _W

u =
§ ar’

~ |{—

o
dp
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the Stokes solution, satisfying [2.7] together with the requirement that the net torque on the
cylinder be zero, is

¢ = —%(r2 - 1)—%A(r— r 'y cos2e, (3.1]

where A =+/2J, (note that 0 < A < ). The solution for a simple shear as obtained by Cox et al.
(1968) is easily recovered by setting A =1 in [3.1]. The equation of a streamline may now be
expressed in the form

k=r’+Ar’(1—r * cos 2¢, [3.2]

where k =1-44, and the fluid velocity is given by

1oy 1 o
u, =;5(;=§Ar(l—r )2 sm2¢>, [333]
2 ;
u, = _§"§r+§Ar(l_r ) cos 2¢. {3.3b]

There are two general classes of flows represented by {3.2], corresponding to two ranges of the
flow parameter A ; and moreover, the solution to the heat transfer problem is quite different in
each case. Class I flows (0 < A < 1) consist of flows having only closed streamlines, while Class II
flows (1 < A < x) contain both closed and open streamlines.

All streamlines of Class I flows, including those in the free stream, are closed. This can easily be
seen by letting r > and rearranging(3.2] to give

"o A ’f:os 20 re 3.4)
This is the equation of a family of ellipses for 0= A < 1. Thus, the streamlines represented by
[3.2] can be thought of as distorted ellipses, with those at infinity being undistorted. In fact, this is
the situation regardless of the value of the Reynolds number, as long as the flow remains laminar,
since the streamlines represented by boundary condition [3.4] are always closed provided that
0=A<1.

Class II flows, for which 1= A <=, have both closed and open streamlines (figure 1). The
case A =1 corresponds to a simple shear flow, where all streamlines are open except those

Limiting Streomline: k =k¢

x2=rcos¢ - X3
Xg=rsing ¢
X,

2

Figure 1. Streamlines around a cylinder freely rotating in a linear flow field when A = 1.
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contained within the limiting streamline, which are all closed. For the A = 1 flow, which has been
treated extensively by Cox et al. (1968), this closed streamline region extends to infinity. For the
case 1 <A <, the closed streamline region is finite (figure 1), with the limiting streamline
approaching the surface of the cylinder and the closed streamline region becoming smaller as
A -, Thus, when A = , the limiting streamline collapses onto the surface of the cylinder and
no closed streamlines exist anywhere in the flow (this corresponds to pure straining motion or a
zero vorticity field). The two stagnation points shown in figure 1 can be found by setting 4, and u,
in [3.3] equal to zero. Denoting the location of these points by (r., ¢;), we find that

_7 3
‘PS 2, 2 )
1/4
rs:(——Aél) for 1sA <o,

Moreover, since the stagnation points are on the limiting streamline, we can obtain an expression
for the limiting streamline k = k., by substituting r, and ¢ into [3.2]. Thus,

k. =2A-2/[A(A-1)] for 1=A <o, [3.5]

Notice that k. =2 for A =1 and k. =1 for A =, Equation [3.2] can also be expressed as

r2=k+2A cos2¢ +V/[k*+4A(k — 1) cos 2¢] 3.6]
2(1+ A cos2¢) )
where the plus sign is chosen in front of the radical since we are concerned only with the closed
streamline region; i.e. [3.6] is valid only for 1=k <k. and 1= A s,

Returning now to the heat transfer problem, we recall that [2.3] simplifies for two-dimensional
flows and Pe > 1 (cf. Frankel & Acrivos 1968) to

dik[r(k) -j},ﬂ —0, [3.7]

where k is related to the streamfunction (k =1—44¢) and ['(k) is the circulation along a given
streamline. Note that the temperature T is a constant along the streamline. The associated
boundary conditions are

T=1 at k=1 (thesurface of the cylinder), [3.8a]
T=0 at k=k (thelimiting streamline); [3.8b]
hence,
k
T 'ds
T=1-45%—. (3.9]
I'ds

Then the Nusselt number, as determined from [2.4], becomes

Nu = [27! f. k°%]_l, (3.10]
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where the circulation I'(k) is given by

2 r2+ ¢2
r(k)zf (“u—”)r do, (3.11]

and where u,, u, and r are determined as functions of k£ and ¢ from [3.3] and [3.6].
When 0= A <1 every streamline is closed, and so, k. = o for this case. Evaluating I'(k), as
k - o, from [3.11], we find that

gglg:)»Wf’_k—ﬁﬁtom where 0=A<I.

Hence, the integral in [3.10] has a logarithmic singularity and, therefore, Nu =0 for0s A < 1. Of
course, this result should have been expected in view of the fact that for two-dimensional closed
streamline flows heat is confined to an effectively self-contained region surrounding the cylinder,
i.e. all of the fluid is heated up to T =1 (the cylinder surface temperature), and thus, never
reaches a temperature of zero since no “free stream” region exists to which the heat emanating
from the cylinder could be transferred by convection. Moreover, this seemingly paradoxical
result might be expected to remain valid at any Reynolds number, since (for 0 < A <1) all
streamlines will be two-dimensional and closed far away from the cylinder owing to the nature of
the undisturbed flow.

For 1< A =<, the integral in [3.10] was evaluated numerically for various values of A, and
the results are plotted in figure 2. As reported earlier by Frankel & Acrivos (1968), Nu was found
to equal 5.73 for A =1.

As depicted in figure 2, the Nusselt number becomes linear in A as A - . The appropriate
asymptotic formula can be obtained by expanding [3.6], the expression for °, in reciprocal
powers of A as A -, thereby determining I'(k) in powers of (1/A), which is then substituted
into [3.10] and integrated. It is found that

Nu—>1558A-593+0(A") as A-c. [3.12]

Agreement between the exact value of Nu as computed numerically from [3.10] and the
asymptotic Nusselt number from [3.12] is very good even for A as low as 1.2, where the
asymptotic Nu exceeds the true result by only 16%. Thus, the asymptotic expression [3.12]
represents a very satisfactory approximation to the true Nusselt number over a wide range of A
values.

45 T T T

a0t

35 o
Nu —15.584 -5.93 +0(A7)
as A—o

30

25+

Nussett Number Nu

-~Nu= 573 for A=1
5t Nu=0
for O<A<1

1 ]
jol¢] 10 20 30
A

Figure 2. The Nusselt number for a heated cylinder freely rotating in a linear flow field.
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If A =+/2J, = othen Is =20 = ( (see [1.1-2]), and the undisturbed flow corresponds to a pure
straining motion. Thus, there are no closed streamlines and the Nusselt number is infinite. In fact,
as Pe >, there exists a thermal boundary layer adjacent to the cylinder surface having a
thickness O(Pe™""). Using this fact, it can be shown (Poe, 1975) that when A =,

Nu—->146Pe'®> as Pe-w. - [3.13]

Thus, only when J, = « is the Nusselt number dependent on the Péclet number for the type of
problems being considered here.

4. THE SPHERE

For a sphere in a two-dimensional linear flow in the x,~x; plane, the Stokes solution satisfying
[2.7] plus the condition of zero torque is given in Cartesian coordinates by

SXixeg(l - 7’2) _ (5.-2163 + 3i3x2)]
5 ’

1 1 1
=3 8k A~ )43 8axa(A + D43 A[ r r 0

where again A =4/2J, (0= A < ). In terms of the spherical coordinates (r, 8, ¢) shown in figure
3, the velocity distribution then becomes

_1 _§_3_3_~5).2 .

u, = ) Ar(l 3 ro+ 3 r— ) sin” 8 sin 2¢, [4.2a]

Up = % Ar(1—r"")sin 8 cos 6 sin 2¢, [4.2b]
b 1 s\ .

U, =51 sin 0 +§ Ar(1—r7")sin 0 cos 2¢, [4.2c]

which, for A = 1, reduces to the solution for a simple shear as obtained by Cox et al. (1968). It can
easily be shown (Poe 1975) that the streamlines are formed by the intersection of the two sets of
surfaces,

x1=rcos 0 = Crf(r), [4.3a]
1/2
X2=rsinfcosp == rf(r)[E +g(r)+ (1 —%)h(r)] (A# 0), [4.3b]
A xl’
x =T cos 8
xz=rsin9 cos @
Xy =T sin § sin @
0 |
] .
® S~ i
\‘\J

x2
Figure 3. Coordinate system for the sphere.
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where C and E are parameters and

~1/3
f(r)E(r“—§+%r"2> , [4.4a]
g(r)= f v dy, [4.4b]
hr)= j yf(y) dy. [4.4c]

Furthermore, f, g and h possess the following properties: as r —~ 1,

1/3
f(r)~ (%) (r— I)Am[l +§(r -1) -é—?(r ~1’+0@r - 1)3], [4.5a]}
2\ . . \
g(r)~g)- 3(E> (r—1n" [1 —%(r - 1)+§—?(7‘ -D'+0(r-1 ], [4.5b]
1/3
h(r)~ 3(1—25> (r— 1)”3[1 +g(r -1 +g(r -1+ 0(r- 1)3]; [4.5¢}

while, as r - =,

5

fr)~r+er?+ 0™, [4.62]
g(r)~lr”+ir"’+0(r“8) 4.6b
3 36 ’ [4.6b]
h(r)~% P+ 01+ 0(r . [4.6¢]

Also, C must lie between —C* and +C*, where
C*f(rf)=1 with E+g(r*)+ (1 —Ai)h(r*) =0.

The streamlines represented by [4.3] are in general three-dimensional but for the case C = 0 they
become coplanar, all lying in the x,—x; plane.

As in the case of the cylinder, there are two general classes of flows represented by [4.3],
corresponding to two ranges of the flow parameter A ; and again, the solution to the heat transfer
problem is quite different in each case. Class I flows (0= A <1) consist of flows having only
closed streamlines, while Class I flows (1 = A =< «) contain both closed and open streamlines.

Let us first then consider Class I flows for which all streamlines are closed. Here, the
undisturbed flow consists of a family of elliptic cylinders with the x, axis as their central axis, i.e. in
the plane x, = constant, the undisturbed streamlines are a family of ellipses. Letting r — in [4.3]
and rearranging, we find that

B
2 2
X2 + X3 _)_—_—]+A0052(p as ro>» (A#0), {4.7]

which is just the equation of a family of ellipses in the x; = constant plane. (The constant
B =2AE — C*(1 - A)is positive for any given streamline.) Thus, when 0 < A < 1, the streamlines
at infinity are undistorted, planar ellipses. In fact, this is the case regardless of the value of the
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Reynolds number, since the streamlines represented by boundary condition{4.7] are always closed
provided that 0< A <1.

Class II flows, for which 1< A <, contain both closed and open streamlines. The case
A =1, which was considered in detail by Cox et al. (1968), corresponds to a simple shear flow at
infinity and consists entirely of open streamlines except those contained within a three-
dimensional limiting streamsurface, which are all closed. This closed streamline region extends to
infinity for A = 1. As in the case of the cylinder, this closed streamline region is finite for
1 < A <, with the limiting streamsurface approaching the surface of the sphere and the closed
streamline region becoming smaller as A »>». And when A =, the limiting streamsurface
collapses onto the surface of the sphere and there are no closed streamlines anywhere in the flow
(this corresponds to an undisturbed flow having zero vorticity).

When 1 = A =, there is a locus of points (a circle, in fact) in the x, — x, plane where u, and
u, vanish. Denoting the location of these points by (r,, ¢,) and setting u, and u, equal to zero in
[4.2a,c] we find that

@s =7§T’ %W, [4.8a]
1/5
re = (A_A_—_T) . [4.8b]

Also, it is obvious that these points lie on the limiting streamsurface. Denoting the latter by
E = E., we can deduce from [4.3b] that

E.=-g(r)- (1 ——I}T)h(rs), [4.9]

where r, is given by [4.8b]. Notice that when A = 1, E, =0 and when A =, E. = ~g(1). Also,
one can easily see that E = —~g(1) corresponds to the surface of the sphere and that for
1= A = all closed streamlines are contained within the space lying between the sphere and the
limiting three-dimensional stream surface, E = E.. For E > E.all streamlines are open.

Returning now to the heat transfer problem, we note that for the case A =0 the sphere is
undergoing pure rotation (u, and u, are zero); and so, the temperature distribution is identical to
that for pure conduction, or T = 1/r. Thus, for A =0, Nu = 2. An attempt was made to solve the
heat equation [2.1] for the case A <1 by means of a regular perturbation expansion about A =0,
but no definitive results could be obtained, perhaps owing to the fact that the leading term of the
expansion, T = 1/r, may not represent a uniformly valid approximation to the temperature field as
A —0. A different approach, therefore, would have been required, but in view of the expected
difficulties in constructing such a solution and the fact that results already exist for A =0 and
A =1, it was felt advisable to proceed directly to the class of flows for which 1= A < o,

Let us next consider the heat transfer problem for the case 1 = A < ., We note that since the
temperature along any given closed streamline is a constant in the limit Pe —, and since E and
C are constant along a streamline, it is evident that the temperature T is a function only of E and
C. Furthermore, the heat transfer rate at high Pe is determined primarily by the structure of the
flow near the surface of the sphere. So, following an analysis similar to that for a simple shear as
presented by Acrivos (1971), we shall make use of these results, together with [2.3], to obtain an
equation for the temperature distribution near the surface of the sphere as Pe -,

It can be shown first of all (Poe 1975) that the temperature T satisfies the differential equation

a’T 3°T ’T, 8T, T
a, a§2+a2%+a3w+a4£+a55{=0, [4.10]
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where
— ) 2_29 3 2 zﬁ 4_22 g_g _ﬁ 26
a=¢ {1 [SAn 9]§ +[A (16 n e 144) 5 An’ +27]g o(g)}
cane [P an- 2] - [42(B 1252 25) 10
@ =dné {[4A" 3]§ [A (32 s ) 3 AT ]§ +0( )}
- (715 25 25\ 5 .
s 5 25 25 175\, 20, . .
—2& { [ An’+ ]f +[ (327; + i +288) £ = Ang ]g +0(¢ )}’

e [T T 10 e o
as= — ¢ { [A(32 ) -5 An 9]§+0(§>},

with £ =(5/6)'"”AA, n =(6/5)C(AL) “and A = E + g(1) = E +1.047. Strictly speaking, the above
expressions for the coefficients a; are valid only close to the surface of the sphere; however, in
order to solve [4.10] we shall resort to an approximate method whereby we shall retain these
expressions throughout the closed streamline region. Although it is obvious that the
approximation should become better as additional terms in the coefficients of [4.10] are retained,
a fairly good estimate of T can still be computed using just the terms that are shown.

This equation must now be solved with the following boundary conditions,

o
&
| |

T=1 at &=0 (surface of sphere), [4.11a]
T=0 at ¢=¢ (limiting streamsurface), [4.11b]
Tisfinitefor0s¢=§¢ and-9n* =7 = + 9%, [4.12a]
where
5 4N (25 .5
-{1+(6A 9>§ +<16A A+27>§ +O(§)} [4.12b]

and where & = (5/6)”A[E. + g(1)]. Using the expression for E. given in [4.8b] and [4.9], & was
computed numerically for various values of A (1< A =) and the results are presented in figure
4. It can be seen from figure 4 that as A — c, the limiting streamsurface approaches the surface of
the sphere (¢ = 0) as expected. Also, the asymptotic forms of £’ as A —>1 and as A - can be

[Re} T T T

- % {:(—_'1;3/5+O(A-1):! as A—1

06
Ag?
0.4 8 2 —
5A€3~'3—2—0~[I * g tOLA )} as A-®
| Exact Solution—"
T
o2 i ; ; | o g
| 2 4 [ 8 i0
A

Figure 4. The critical streamsurface for a freely rotating sphere in a linear flow field when A = 1.
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computed using [4.5] and [4.6]. These are given by

3/5
as Ao, gf-—%[g(l)]’{ ;‘A (11)) +0(A—1)}, [4.13]
; 81 8 -2
as A>x, £ A {1+—15A+O(A )}. [4.14]

The differential equation [4.10] may be solved in a variety of ways. The technique employed
here will, up to a point, parallel that used by Acrivos (1971) in solving the related equation for a
simple shear (A = 1). We can proceed by first assuming that the temperature distribution can be
expressed as,

T=1-a:()é + ax(n)é’ - as(n)e+- -, [4.15]

which, when substituted in [4.10], leads to the recursion relations

ot G-
a3=%{-25A 5n*+2n —1)———A +iz] ‘(1;‘7";
- -25A Gn* + 147 +1)— +§]n% [4.17]
- -25A( 6m°—1)+ 2047 —79—6]a,}, etc.

Next, we consider the result of truncating the series [4.15] at successively higher terms and
applying the boundary condition T =0 at ¢ = &. Retaining only two terms of [4.15], or

T=1-a(né,

we find that o, = &7, where a,” denotes the first approximation to ;. If three terms are
retained, we find that

a,® =7+ a, V>,

Now we obtain a. from [4.16] using the previously computed value of a1, i.e. a,"”. This
calculation gives a second approximation to a,, or

o_ s (5 2_§)
2 (4A" 9)

And finally, when four terms are retained in [4.15], we have

G _ §C—3 + a2(2)§c3 (l)é-c ,

where a,® is computed from [4.16] using «,” for @, and a,'” from [4.17] using a,” for a,. So a
third approximation to a, is given by

_ e (3 2_§) [25 10 4]
=& (4An 9 288A GBnt+6n+1) An +27 £
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From [2.5], it is easy to show that the Nusselt number is
Nu =3f a(n)dn;

thus, the first three approximations to Nu become

Nu'"=6¢. . [4.18]
2 L (5, 16

Nu”=6§c "‘(EA—?), [4.19]
o et (2416 _<2 2 20, 8Y,s

Nu™ = 62, (2A 3) = A2 A+9)§(.. [4.20]

Therefore, to O(£.°), the Nusselt number is given in the limit of large Pe and for 1 < A <xby

Nu=s6{1-(Sa-3)e - (Bar-ga s e+ oe), [421]

if the Reynolds number is sufficiently small for inertia effects to be negligible.
Table 1 gives the first three approximations to the Nusselt number using [4.18], [4.19] and

Table 1. Approximate and estimated values of Nu for a sphere when A = 1

Nu‘" Nu® Nu® Best estimate of
computed from computed from computed from true value of Nu
A [4.18] [4.19] [4.20] (see text)

1.00 6.27 9.11 8.39 8.9
1.04 8.41 11.1 10.6 11.0
1.07 9.59 122 11.7 12.1
1.13 116 14.1 13.5 13.9
1.20 13.6 16.0 15.4 15.8
1.40 19.0 20.8 20.2 20.6
1.70 26.5 27.6 26.9 27.3
2.00 339 342 334 339
3.00 58.0 55.8 54.4 54.7
10.00 224.0 205.0 200.0 200.0

[4.20] with selected values of A (1= A ==). Shown in the last column of Table 1 are the best
estimates of the true values of Nu based on the first three approximations. For each A in table 1,
this estimate was found by plotting the first three approximations vs 1/M, where M is the number
of the iteration, and graphically extrapolating. It is interesting to note that the values computed
from Nu® [4.19] agree quite well with the last column of numbers given in table 1, except
possibly for very large values of A. These estimates of Nu are plotted in figure 5 for A = 1. Itis
seen here that Nu approaches asymptotically a straight line as A —». A good estimate of the
asymptotic form of this line can be found by substituting [4.14] into [4.21]. This gives

Nu—-207A-70+0(A)" as A-wx [4.22]

Again, as in the case of the cylinder, the asymptotic expression for Nu as A —c remains
accurate even for as low a value of A as 1.2, where [4.22] overestimates the true value of Nu by
only 13%.

If A=+/2J =, then Is=2Q =0, and the undisturbed flow becomes irrotational. In fact,
there are no closed streamlines and thus, the Nusselt number is infinite. For this case, as Pe —x,
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Figure 5. The Nusselt number for a heated sphere freely rotating in a linear flow field when A = 1.
there exists a thin thermal boundary layer O(Pe™'”) in thickness next to the surface of the
sphere. It can be shown (Poe 1975) that when A =,

Nu-1.60Pe' as Pe-x, [4.23]

Thus, as in the case of the cylinder, the Nusselt number is a function of the Péclet number only
when J, = (or Is=0), if the Reynolds number is sufficiently small for inertia effects to be
neglected.

Acknowledgement —This work was supported in part by the national Science Foundation under
grant NSF-GK-41781.

REFERENCES

Acrivos, A. 1971 Heat transfer at high Péclet number from a small sphere freely rotating in a simple
shear field. J. Fluid Mech. 46, 233-240.

Acrivos, A. & TavLor, T. D. 1962 Heat and mass transfer from single spheres in Stokes flow.
Physics Fluids 5, 387-394.

Cox, R. G. Z1a, 1. Y. Z. & Mason, S. G. 1968 Particle motions in sheared suspensions. XXV,
Streamlines around cylinders and spheres. J. Colloid Interface Sci. 27, 7-18.

FrankeL, N. A. & Acrivos, A. 1968 Heat and mass transfer from small spheres and cylinders freely
suspended in shear flow. Physics Fluids 11, 1913-1918.

PoE, G. G. 1975 Closed streamline flows past rotating particles: inertia effects, lateral migration,
heat transfer. Ph.D. Dissertation, Stanford University.

Ropertson, C. R. & Acrivos, A. 1970 Low Reynolds number shear flow past a rotating circular
cylinder. Part 2. Heat transfer. J. Fluid Mech. 40, 705-718.



